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Inhomogeneous chiral phase in the magnetic field
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Abstract. Inhomogeneous chiral phase is discussed in the presence of the magnetic field.
A topological aspect is pointed out for the complex order parameter, in relation to the
spectral asymmetry of the Dirac operator. It induces an anomalous baryon number and
extremely extends the region of the inhomogeneous chiral phase in the QCD phase dia-
gram. It is also shown that the novel tricritical point appears at zero chemical potential,
which should be examined by the lattice QCD simulation.
1 Introduction
The QCD phase diagram has been studied by theoretical and experimental approaches [1]. Recently
possibility of the inhomogeneous chiral phases has attracted much interest in the QCD phase diagram.
They are specified by the spatially modulating quark condensates: the order parameter of the chiral
transition is now generalized to be complex function, 〈 ¯ψψ〉 + i〈 ¯ψiγ5τ3ψ〉 ≡ ∆(r)exp (iθ(r)), within
S U(2)L × S U(2)R chiral symmetry. The studies using the NJL model have shown the appearance of
the inhomogeneous phases in the vicinity of the chiral transition. Two typical forms of the condensates
have been well studied: one is dual chiral density wave (DCDW) specified by ∆ = const., θ = q · r
[2] and the real kink crystal (RKC) specified by ∆(r), θ = const. [3, 4]. Nowadays it is known that
we can generally consider the inhomogeneous phases with one dimensional order by embedding the
Hartree-Fock solutions obtained in 1+1 dimensions [3] in 1+3 dimensions [4].
The spatially dependent order parameter is not special and rather common in condensed matter
physics: examples are the FFLO state in superconductivity [5] and spin density wave [6] or texture
structure in magnetism [7]. Similar subject has been also discussed in the context of color supercon-
ductivity [8].
Here we discuss the properties of the inhomogeneous chiral phases in the presence of the external
magnetic field. The magnetic field is popular in hadron physics and is found in various situations as
in pulsars. The generation of huge magnetic field of O(1017G) has been recently advocated during
the relativistic heavy-ion collisions. The magnetic field may affect the phase transition or induce new
phenomena, and there have been many theoretical works [9, 10]. Thus our purpose is to explore the
inhomogeneous chiral phases in the space of temperature (T )-chemical potential (µ)-magnetic field
(H).
When the magnetic field is present, the energy spectrum is quantized as the Landau levels. The
spacing of the Landau levels becomes large as H increases, so that the dimensional reduction is
realized in the large H limit: there is left only one dimensional degree of freedom along the magnetic
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Figure 1. Sketch of DCDW, which develops along the horizontal axis
z. The vertical plane is spanned by two axes of 〈 ¯ψψ〉 and 〈 ¯ψiγ5τ3ψ〉.
field. More interestingly, the lowest Landau level exhibits spectral asymmetry for some kinds of
the inhomogeneous chiral phases and induces anomalous baryon number through the Atiyah-Patodi-
Singer η invariant [11], which is a topological object and homotopy invariant. We emphasize such
topological aspect of the inhomogeneous chiral phases.
2 Spectral asymmetry
For the phase transitions of the homogeneous order parameters, it has been well-known that the spon-
taneous symmetry breaking (SSB) is enhanced by the magnetic field [12, 13], and it is sometimes
called magnetic catalysis [14]. Here we consider the inhomogeneous phases in the presence of the
magnetic field. We can construct the inhomogeneous chiral phase by embedding the general solu-
tions given in 1+1 dimensions M(z) in 1+3 dimensions [4]. Then the Dirac operator is given by
HD = α · P + γ0
[ 1+γ5τ3
2 M(z) + 1−γ5τ32 M∗(z)
]
with M(z) = −2G(〈 ¯ψψ〉 + i〈 ¯ψiγ5τ3ψ〉) in the presence of
the magnetic field, where G is the coupling constant of the NJL model, α = γ0γ and P = −i∇ + QA
with the em charge Q = diag(eu, ed). We apply the magnetic field along the z− axis, which should be
the most favorite case [17]. Using the Landau gauge, A = (0, Hx, 0), HD then can be represented as,
for each flavor,
HD =

−i∂z M(z) 0
√
2|e f H|n
M∗(z) i∂z −
√
2|e f H|n 0
0 −√2|e f H|n −i∂z M∗(z)√
2|e f H|n 0 M(z) i∂z
 , (1)
on the basis of the product of the plane wave exp(iky) and the Hermite function un(ξ) with ξ =√|e f H|x + k/√|e f H| [15], where n denotes the Landau levels. Thus, we can discuss general configu-
rations M(z) in the presence of the magnetic field.
2.1 Dual chiral density wave
In the following, we focus on DCDW [2], which is specified by the uniform amplitude ∆ and the
chiral angle θ(z) = qz (see Fig. 1);
〈 ¯ψψ〉 = ∆ cos(qz),
〈 ¯ψiγ5τ3ψ〉 = ∆ sin(qz), (2)
which utilizes only U(1) subgroup in the isospin S U(2) to ensure the state to be charge eigenstate.
The state vector for DCDW can be given by operating the local chiral transformation on the normal
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TCP=Lifshitz point
m  =5MeVc
Figure 2. Phase diagram in the µ − T plane. The larger colored domain denotes the DCDW phase in the chiral
limit, mc = 0, while the smaller domain corresponds to the case of mc = 5MeV [16].
state,
|DCDW〉 = = exp
(
i
∫
θ(r)A03(r)d3r
)
| normal〉
≡ UDCDW(θ(r)) | normal〉, (3)
with the chiral angle θ(r) = qz, where Aµi denotes the axial-vector current with i-th isospin component.
Actually one can easily check (2) with ∆ = 〈normal
∣∣∣ ¯ψψ∣∣∣ normal〉. We choose this among general
configurations, since we can expect DCDW becomes the most favorite configuration in the strong
magnetic field, once the dimensional reduction efficiently works [3].
The Lifshitz point for DCDW meets the tricritical point (TCP) of the usual chiral transition in
the chiral limit, and its emergence may be qualitatively understood in terms of the nesting effect of
the Fermi surface [2]. In the recent work, theoretical framework has been naturally extended to take
into account the current quark mass mc [16]. Using a variational method, the function form of the
chiral angle is deformed to satisfy the sine-Gordon equation. Taking the NJL model and using the
proper-time regularization we can depict the phase diagram in the T − µ plane, presented in Fig. 2
[16].
2.2 DCDW in the magnetic field
For DCDW it is easy to diagonalize the Hamiltonian (1), and the energy spectrum then can be ex-
pressed as
En,p,ζ=±1,ǫ=±1 = ǫ
√(
ζ
√
m2 + p2 + q/2
)2
+ 2|e f H|n, n = 1, 2, ...,
En=0,p,ǫ=±1 = ǫ
√
m2 + p2 + q/2, (4)
for each flavor [17], where m denotes the dynamical mass defined by m = −2G∆ within the NJL
model. For the lowest Landau level (LLL), n = 0, HD is reduced to 2 × 2 matrix,
HLLL(M(z)) =
( −i∂z M(z)
M∗(z) i∂z
)
(5)
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from the property of the Hermite function un(ξ), u−1 = 0. The spectrum of LLL then exhibits spec-
tral asymmetry, which induces the anomalous baryon number [11]. The anomalous baryon num-
ber has a topological origin; when the quark number operator is defined in the symmetric form,
ˆN = 1/2
∫
d3x[ψ†(x), ψ(x)], it is given by the Atiyah-Patodi-Singer η invariant ηH , Nanom = −1/2ηH.
ηH is defined by
ηH = lim
s→0
∑
λ
|Eλ|−ssign(Eλ), (6)
where Eλ generally denotes the eigenvalue of the Dirac operator, including flavor and color degrees
of freedom. We can see that the order parameter M must be complex to give a finite value of ηH ; the
phase degree of freedom (chiral angle) θ is essential in other words. It can be easily extended to the
thermodynamic limit [11], and quark number is given by
N = −1
2
ηH +
∑
λ
sign(Eλ)
[
θ(Eλ)
eβ(Eλ−µ) + 1
+
θ(−Eλ)
e−β(Eλ−µ) + 1
]
, (7)
where the first term is the quark number of the Dirac sea, and the second term the one of the Fermi
sea. We then see that thermodynamic potential Ω should include the anomalous term as well through
the thermodynamic relation, N = −∂Ω/∂µ. It is to be noted that the anomalous baryon number is well
known in the context of the chiral bag model: Goldstone and Jaffe showed the baryon number of the
chiral bag is exactly one, once the spectral asymmetry is taken into account inside the bag [18, 19].
We can directly evaluate the η invariant, assuming q/2 < m, which may be justified at least in the
low density region µ < m. Using the Mellin transform,
|λ|−s = 1
Γ(s)
∫ ∞
0
dωωs−1exp (−|λ|ω) , (8)
η
f
H(s) = Nc
2L
Γ(s)
|e f H|
2π
∫ dp
2π
∫ ∞
0
dωωs−1
∑
ǫ
sign(λL,ǫ)exp
(
−
∣∣∣λL,ǫ ∣∣∣ω)
=
√
πq
i
Γ(s)
|e f H|
4
m−s+1/2F1,1/2,s−1/2, (9)
with
F1,1/2,s−1/2 = i
2s−1/2(q/2m)1/2
π3/2/2
s
2
Γ
(
s
2
)2
2F1
(
1 + s
2
,
s
2
,
3
2
;
( q
2m
)2)
. (10)
Finally we have
η
f
H/(2L) = lims→0+ η
f
H(s)/(2L) = −Nc
|e f H|q
2π2
. (11)
Note that it is independent of dynamical mass m. Anomalous baryon-number density is then
ρanom =
∑
f
|e f H|
4π2
q. (12)
As we shall see in 3, the wave vector q should be zero at µ = 0 and then increases as µ in the magnetic
field, which means that baryon-number density is always finite for any value of µ. Accordingly
DCDW may develop for any chemical potential in the presence of the magnetic field. Actually the
results in ref.[17] look to support our conclusion.
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2.3 Comments on the chiral spiral in 1+1 dimensions
Here we consider the chiral spiral in 1+1 dimensions in the absence of the magnetic field [3]. The
spectrum is then the same as the one of LLL (4), so that it exhibits spectral asymmetry for q , 0. We
consider only one flavor for simplicity. Topological baryon-number density then can be written as
ρanom =
q
2π
, (13)
for m > q/2, which is satisfied for small chemical potential µ [3]. Thus the baryon-number density
is non-vanishing for q , 0, irrespective of chemical potential in this region. Note here that the
relation q = 2µ holds as the optimal value of q for given µ [3]. This sounds a little bit curious, since
the dynamical mass m is larger than µ there [20]. However, the anomalous baryon-number density
produces the Fermi sphere with the Fermi momentum kF defined through the relation, ρ = kF/π.
Using Eq. (13), we can see kF = q/2. This relation between q and kF is exactly known as the nesting
relation [21]: the nesting effect of thge Fermi surface is complete in 1+1 dimensions. Thus we can
say that the chiral spiral appears as a result of the nesting effect and develops over all µ in 1+1
dimensions. Moreover, one may expect the chiral spiral should be the most favorate configuration due
to the nesting effect, compared with other ones. Actually it has been numerically shown that the chiral
spiral develops over any µ below the critical temperature and is the most favorite configuration in 1+1
dimensions [3]. Finally, it should be interesting to observe the relation, µ = kF , which resembles the
one for massless particles [22].
3 Novel tricritical point
One of the consequences of the spectral asymmetry is the appearance of the novel critical point in the
T − H plane. Consider the generalized Ginzburg-Landau expansion in the vicinity of the phase tran-
sition. Thermodynamic potential can be expanded in therms of the order parameter and its derivatives
[23],
∆Ω(M) = α2
2
|M|2 + α33 Im
(
MM′∗
)
+
α4
4
(
|M|4 +
∣∣∣M′∣∣∣2)
+
α5
5 Im
((
M′′ − 3|M|2M
)
M′∗
)
+
α6
6
(
|M|6 + 3|M|2
∣∣∣M′∣∣∣2 + 2|M|2 ∣∣∣M2∣∣∣′ + 1
2
∣∣∣M′′∣∣∣2) + ...(14)
This expression is obtained by using the NJL model, but its form should be model independent up to
the third order term. The coefficients αl are functions of temperature, chemical potential and magnetic
field; using Eq.(1) we can find
αl = (−1)l/28NcT
∑
f
∑
m
∫
reg
d3k
(2π)3 tr
[
˜S fA(k)
]l
, (15)
where ˜S fA(k) is the quark Green function in the presence of the magnetic field, and can be further
decomposed over the Landau levels,
˜S fA(k) = iexp
(
− k
2
⊥
|e f H|
) ∞∑
n=0
(−1)n Dn(e f H, k)(ωm + iµ)2 − k23 − 2|e f H|n
, (16)
with the Matsubara frequency, ωm = (2m + 1)πT . The numerator Dl is a somewhat complicated
function [24]. We can see that the odd-index terms obviously vanish for the real order parameter. The
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Figure 3. Tricritical line on the T − H plane given by the relation α2(H,T, µ = 0) = 0. The proper-time
regularization is used with the cut-off parameter Λ [2]. The symbol "LLL" denotes the tricritical line by using
only the contribution to α2 from LLL.
Lifshitz point is then given by the condition such that the leading even-index terms vanish, α2 = α4 =
0, which is identical to the condition of the tricritical point in the usual case within the NJL model[4].
On the other hand, the odd-index terms survive in the presence of the magnetic field due to the spectral
asymmetry of LLL. Accordingly we shall see the novel tricritical point appears, which is defined as
the point with the condition,
α2 = α3 = 0. (17)
This condition may remind one of the chiral spiral in 1+1 dimensions, where the tricritical point
resides on the µ = 0 line. Actually α3 can be written as
α3(H, T, µ) = 1
π3T
Nc
∑
f
|e f H|
2π
Imψ(1)
(
1
2
+ i
βµ
2π
)
, (18)
where we assumed the isospin symmetric matter, µu = µd, and ψ(1) is the trigamma function. Hence
the condition α3 = 0 gives µ = 0. Next we evaluate α2(H) in the presence of the magnetic field in 1+3
dimensions,
α2(H, T, µ) = −2Nc
∑
f ,m
T |e f H|
2π
∫ dk
2π
∑
n
2 − δn0
(ωm + iµ)2 + k2 + 2|e f H|n +
1
2G
. (19)
Since it includes the quadratic divergence, we need to regularize it. Leaving the details in a separate
paper [25], we plot the solution of α2 = 0 on the T − H plane in the figure. Each point on this line is
the novel tricritical point, which is also the Lifshitz point. We can also see the contribution from LLL
separately. It approachs the full curve as H increases, which indicates the dimensional reduction in
the large H limit.
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4 Summary and concluding remarks
We discussed dual chiral density wave (DCDW) in the presence of the magnetic field. Spectral asym-
metry arises in the lowest landau level and anomalous baryon number is induced. Consequently
DCDW phase should be greatly extended in the µ − T − H space due to the magnetic field. It is also
related to chiral anomaly [26].
Generalized Ginzburg-Landau analysis suggests that there emerges a novel tricritical point on the
T −H plane. It should be interesting to explore it in the QCD lattice simulation, since it should be free
from the sign problem in this plane. More elaborate study is needed to include the symmetry breaking
effect.
As a phenomenological implication, we have recently suggested the rapid cooling process [27].
It should be interesting consider other consequences coming from the coupling of DCDW with the
magnetic field inside compact stars or relativistic heavy-ion collisions [28].
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